FURTHER dN SETS

Unit Outcomes:

After completing this unit, you should bé abléto: 3 J

+  understand additional facts _and principles about sets.
apply rules of operationson sets and find the result.
demonstrate correct Usage of Venn diagramsin set operations.
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apply rules and principles of set theori/ to practical situations.
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INTRODUCTION

In the present unit, you will learn more about sets. Particularly, you will discuss the
different ways to describe sets and their representation through Venn diagrams. Also,
you will discuss some operations that, when performed on two sets, give riseto another
set. Finaly, you will go through some practical problems related to our daily life and try
to solve them, using the union and intersection of sets.

HI1STORICAL NOTE:

George Cantor (1845-1918)

During the latter part of the 19* century, while working
with mathematical entities called infinite series, George
Cantor found it helpful to borrow a word from common
usage to describe a mathematical idea. The word he
borrowed was set. Born in Russia, Cantor moved to
Germany at the age of 11 and lived there for the rest of
his life. He is known today as the originator of set theory.

N WAYS TO DESCRIBE SETS

ACTIVITY 3.1
1  Whatisaset? What do we mean when we say an element of a
Set?
2 Give two members or elements that belong to each of the
following sets:

a  Theset of composite numbers less than 10.
The set of natural numbers that are less than 50 and divisible by 3.
The set of whole numbers between 0 and 1.
The set of real numbers between 0 and 1.
The set of non-negative integers.
The set of integers that satisfy (x—2) (2x + 1) = 23— 3x — 2.
Describe each of the setsin Question 2 by another method.
State the number of elements that belong to each set in Question 2.
In how many ways can you describe the sets given in Question 2?
4 Which of the setsin Question 2 have

a  noelements? b afinite number of el ements?

c infinitely many elements?

O T Q9 ™D Q O T
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Unit 3 Further on Sets

EEH Sets and Elements

Set: A Setisany well-defined collection of objects.

When we say that a set is well-defined, we mean that, given an object, we are able to
determine whether the object is in the set or not. For instance, “The collection of all
intelligent people in Africa” cannot form a well-defined set, since we may not agree on
who isan “intelligent person” and who is not.

The individual objects in a set are called the elements or the members. Repeating
elements in a set does not add new elements to the set.

For example, theset {a, a, a} isthesameas{a}.

NEEREE Generally, we use capital letters to name sets and small letters to represent
elements. The symbol ‘ [dtands for the phrase ‘is an element of’ (or
‘belongsto’). So, x [Adsread as‘x isan element of A’ or ‘x belongsto A’.
We write the statement ‘ x does not belong to A’ as x [Al

Since the phrase ‘the set of * occurs so often, we use the symbol called brace (or curly
bracket) { }.

For instance, ‘the set of all vowelsin the English alphabet is written as
{dal vowelsin the English alphabet} or {a, €, i, 0, u}.

| Description of Sets

A set may be described by three methods:
i Verbal method

We may describe a set in words: For instance,
a  Thesat of dl whole numberslessthan ten or { dl whole numberslessthan ten}.
b Theset of dl naturd numbers. This can aso bewritten as{al naturd numbers}.

iil The listing method (aso called roster or enumeration method)

If the elements of a set can be listed, then we can describe the set by listing its e ements.
The elements can be listed completely or partially as illustrated in the following
example:

Example 1 - Describe (express) each of the following sets using the listing method:
a  The set whose elementsarea, 2 and 7.

The set of natural numbers less than 51.

The set of whole numbers.

The set of non-positive integers.

D Q “—O.

The set of integers.
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Solution:
a

First let us name the set by A. Then we can describe the set as
A={a 27}

The natural numberslessthan 51 arel, 2, 3, .. ., 50. So, naming the set as B
we can express B by the listing method as

B={123,... 50

The three dots after the element 3 (called an elipsis) indicate that the
elements in the set continue in that manner up to and including the last
element 50.

Naming the set of whole numbers by W, we can describeit as
Ww={0,123,...}

The three dots indicate that the elements continue in the given pattern and
thereisno last or final element.

If we name the set by L, then we describe the set as
L={...,-3-2-10}

The three dots that precede the numbers indicate that elements continue
from the right to the I eft in that pattern and thereis no beginning el ement.

Y ou know that the set of integersis denoted by Z and is described by
Z={...,-3,-2,-1,0,1,2,3,...}

We use the partial listing methaod, if listing al elements of a set is difficult or
impossible but the elements can be indicated unambiguously by listing afew of them.

| Exercise3.1_|

1 Describe each of the following sets using a verbal method:

a
c

A={56,7,8,9} b M={23,5,7 11, 13}
G={80910,..) d E={135,...,99

2 Describe each of the following sets using the listing method (if possible):

e " © o O T

The set of prime factors of 72.

The set of natural numbers that are less than 113 and divisible by 5.
The set of non-negative integers.

The set of rational numbers between +/2 and /8.

The set of even natural numbers.

The set of integers divisible by 3.
The set of real numbers between 1 and 3.
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il The set-builder method (also known as method of defining property)

ACTIVITY 3.2

from column B.

A B
1 2<x<10and x [N a {1,2,3,4,6,12}
2  x=2nandn[N b {-2}
3 2x+ 4 =0and x isan integer c {2,4,6,...}

4  x[Nhnd 12 isamultiple of x d {3,4,5,6,7,8, 9}

The above Activity leads you to the third useful method for describing sets, known as
the set-builder method.

For example, A ={3, 4,5, 6, 7, 8, 9} can be described as

A ={ x| x[Nland 2 < x< 10} or’A ={x|x [Nland 2 < x < 10}

_—/
_seall

Note that “all x such that” may be written as“x[”dr “x:”.

Hence we read the above as “set A isthe set of all elements x such that x is a natural
number between 2 and 10".

Note that in the above set A the properties that characterize the elements of the set are
x [N'bnd 2 < x < 10.

Example 2 Express each of the following sets using set-builder method:
a N={1,23/.1} b A ={rea numbers between 0 and 1}

c B ={integersdivisible by 3} d Therea solution set of | x—1| =2
Solution:

a N.:{x|xD§l}]

b A={x|x[Rbnd0<x<1}
Note that this set can also be expressed as A = {x [RT 0l x < 1}

¢ B={Xx=23n, forsomeinteger n} or B ={3nn [Z}
d  Namingtheset by S, wewrite S= {Xx [Rland |x~1=2}
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1 Which of the following collections are well defined? Justify your answer.

a  {x|xisaninteresting bird}. b {x|xisagood student}.
c The set of natural numbers less than 100. d {ylyisafactor of 13}.
2 Which of the following are true and which are false?
a 20[{341,0,1} b al{{h c}} c 6 [({Tlctors of 24}
3 Describe each of the following sets by
[ the listing method. i the set—builder method.

The set of |ettersin the word mathematics.
The set of regional states in Ethiopia.
The set of whole numbers between 5 and 13.
The set of even numbers less than 19.
The set of students in Ethiopia.
f The set of all odd natural numbers.
4 Describe each of the following sets by
[ averbal method. i the set—builder method.
a {1,23,...,10} b {1,357..} ¢c {5, 10, 15, 20,...}
d {Tuesday, Thursday} e  {2,3,57,11,...}

8 THE NOTION OF SETS

Empty Set, Finite Set, Infinite Set, Subset,
Proper'Subset

ACTIVITY 3.3

1 How many elements does each of the following sets have?

O O O T 9

a A ={x[xdsarea number whose square is negative one}
b C={xIXINland2<x<11} c D = {xIxI{1 2, 3}}
d E = {x[Xds an integer} e X={2,4,6,...}

2 Comparethe sets C, D, E and X given in Question 1 above. Which set is
contained in another?
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Observe from the above Activity that a set may have no elements, a limited number of
elements or an unlimited number of elements.

A Empty set

Definition 3.1
A set that contains no elements is called an empty set, or null set.

An empty set is denoted by either L or {}.

Example 1 \
a If A={xXisarea number and x> = -1}, A = C{Why?)
b IfB={x[X¥x, B= [L{Why?)

B Finite and infinite sets

ACTIVITY 3.4

Which of the following sets have a finite and which have an infinite
number of elements?

A={xXIRBnd0<x< 3}

C={x x< 7%

D = {x [NIxds amultiple of 3}

E={x x< 3}

M = {x INIxis divisible by 5 and x < 101%}

Y our observations from the above Activity lead to the following definition:

r ™
Definition 3.2

[ A set Siscdled finite, if it contains n elements where n is some non-
negative integer.

ii A set Siscaled infinite, if it is not finite.
_ Y,

NEYENTY If aset Sisfinite, then we denote the number of elements of Shy n (S).
Example 2 1f S={-1,0;1},thenn(S) =3

Using this notation, we can say that aset Sisfiniteif n (S) =0 or n (S) isanatural
number.

Example 3 Findn (S)if:
a  S={x[RIX¥l=-1} b S={x[NIxisafactor of 108}

a b~ 0N -
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Solution:
a n(S=0 b n(s) =12
Example 4
a LeE={24,6,...}. Eisinfinite.
b Let T ={x[Xisarea number and 0 < x < 1}. T isinfinite.

C Subsets
ACTIVITY 3.5

What is the relationship between each of the following pairs of sets?

1 M = {@l students in your class whose names begin with a'—'-"“
vowel};

N = {all studentsin your class whose names begin with E}

2  A={1,357:B={1,2 34,5678}
3 E={Xx[RIX-2) (x—3)=0}; F={x[NITIkx<4}
Definition 3.3

Set A is a subset of set B, denoted by A [H, if each element of A is an

element of B.

If A isnot asubset of B, then we denote thisby AZ B.
Example 5 LetZ={x[Xdsaninteger}; Q@ ={x[Xlisarational number}.

Since each element of Z is aso an element of Q, thenZ < Q
Example 6 LetG={<1,0,1,2 3} andH={0,1,2, 3, 4,5}
-1 [Gbut -1 [H] hence G € H.

Em For any set A

[ [ T1Al i A LAl

Given A ={a, b, c}
1 List all the subsets of A.

2 How many subsets have you found?
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From Group Work 3.1, you can make the following definition.

Definition 3.4

Let A be any set. The power set of A, denoted by P(A), is the set of all
subsets of A. That is, P(A) ={S|S [CA}

Example 7 LetM ={-1, 1}. Then subsetsof M are [, {31}, {1} and M.
Therefore P(M) ={ [, {-1}, {1}, M}
D Proper subset

Let A={-1,0, 1} and B = {-2, -1, O, 1}. From these sets, we see that A but
B /III This suggests the definition of a proper subset stated below.

Definition 3.5

Set A 1s said to be a proper subset of a set B, denoted by A L B,if Ais a
subset of B and B is not a subset of A.

That is, A [BlmeansA [BlbutB fA.

m For any set A, A isnot aproper subset of itself.

ACTIVITY 3.6

GivenA ={-1,0, 1}.
i List all proper subsets of A.

i How many proper subsets of A have you found?

Y ou will now investigate the relationship between the number of elements of a given set
and the number of its subsets and proper subsets.

ACTIVITY 3.7

1 Find the number of subsets and proper subsets of each of the
following sets:

a A=[C1b B={0} c¢ C={-1,00 d D={-101
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2 Copy and complete the following table:

d L30,{0}, {1}, {-1, 0}, =
S50 {0,13,{-1,13,{-1,0,1} =21

Y ou generalize the result of the above Activity in the form of the following fact.
[EX4® If aset A isfinitewith n elements, then
i The number of subsets of A is 2" and

i The number of proper subsets of A is2"—1.

1 For each set in the left column, choose the sets from the right column that are

subsets of it:
i {abcd a {1}
i {o,p Kk b {1,4,8 9}
il Set of lettersin theword “book” ¢ {o, k}
iv {2 4,868, 10,12} d {12}

e {6}
2 a IfB={0,1,2}, find al subsets of B.
b 1fB={0 {1, 2}}, find al subsets of B.

3 State whether each of the following statementsistrue or false. If it isfase, justify
your answer.

a {1,43} [{34,1} b {1,31232 ¥{123}

c {4 [H4}} d  [CIXJ4}}
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EP¥)| Venn Diagrams, Universal Sets, Equal
and Equivalent Sets

A Venn diagrams

ACTIVITY 3.8

1  What isthe relationship between the following pairs of sets?

a W={012..}and N={1,23,..}.

b W={0,1,2..}and Z={...~3,-2,-1,0,1,2,...}.
¢ N={123..)ad Z={...-3,-2,-1,0,1,2,...}.
d  Z={..3-2-1012.}adQ-= {%: ab[Z]b# o}.

2 Express the relationship between each pair using a diagram.
3 Express the relationship of al the sets, W, N, Z and Q using one diagram.

Compare your diagram with the one given in Activity 1.1 of Unit 1.

To illustrate various relationships that can arise between sets, it is often helpful to use a
pictorial representation called a Venn diagram named after John Venn (1834 — 1883).
These diagrams consist of rectangles and closed curves, usualy circles. The elements of
the sets are written in their respective circles.

For example, the relationship ‘A [BI can beillustrated by the following Venn diagram.

B
©@: o

Figure 3.1
Example 1 Represent the following pairs of sets using Venn diagrams:

a A={ab,cd}; B={a d}

b C={2468,..}; D={1357..}

¢ E={2"[nINly}; F={2n[nI N}

d A={13579; B={2358}; C={15T1
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Solution:

a A

b C
ad
B

Figure 3.2

Figd#r'e_3.3
F F.

A
B

Figure 3.5

i !

Figure 3.4

B Universal set |
Suppose at a school assembly, the following students are asked to stay behind.
G = {all Grade 9 students} i i
I = {all students interested in aschool play}.
R = {all class representatives of each class}.
Each set G, | and R isasubset of S = {all students in the school}
In this particular example, Sis called the universal set.

Similarly, a discussion is limited to afixe’d_, set of objects and if all the elements to be
discussed are contained in this set, then this “overall” set is called the universal set.
We usualy denote the universal ‘set by U. Different people may choose different
universal setsfor the same problem. -

Example 2 Let Ri{dl red coloured éars in East Africa}; T = {dl Toyota cars in East
Africa}
i H Chodseaunivé_rs'al setUforRand T.
il .Draw aVenn diagram to represent the setsU, Rand T.
Solution:
b Ther__e are different possibilitiesfor U. Two of these are:
/U ={"e}|| cars} or U ={al whedled vehicles}
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i In both cases, the Venn diagram of thesetsU, Rand T is

U

Figure 3.6

| Exercise3.4 |

1 Draw Venn diagrams to illustrate the relationships betWeen the following pairs of
Sets:

A={1,9274; L={4098 2
b B = {the vowels in the English a phabet}
M = {thefirst five letters of the English a phabet}
c C={1,273,4,5}; M ={6,9, 10, 8, 7}
d F={3,7,11,5,9}; O ={al odd numbers between 2 and 12}
2 For each of the following, draw a Venn diagram to illustrate the relationship

between the sets:
a U ={dl animals}; C ={all cows}; G ={all goats}
b U ={all people}; M ={al males}; B ={adl boys}

C Equal and equivalent sets

ACTIVITY 3.9

From the following pairs of sets identify those:

1 that have the same number of € ements.
2  that have exactly the same elements.

a A={12};B={x[NIxk 3}

11
b E={-13};F=:==
crar={2 3
c R={1,23};S={ab,c}
d G = {x[NI[xls afactor of 6}; H = {x CNI[61s a multiple of x}

e X={1,1,3231;Y={123}
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i Equality of sets

Let usinvestigate the relationship between the following two sets;
E={Xx[RIX-2) (x—3) =0} and F = {x [NTTk x < 4}.

By listing completely the elements of each set, we have E={2, 3} and F={2, 3}.

We see that E and F have exactly the same elements. So they are equal.

IsE CFPIs F CEP

Definition 3.6

Given two sets A and B, if every element of A is also an element of B
and if every element of B is also an element of A, then the sets A and B
are said to be equal. We write this as A = B.

~A=B,ifandonlyif A LBand B L A.

Example 3 LetA={1223 4 andB={1,4,2 3}.

A = B, since these sets contain exactly the same elements.
m If A and B are not equal, wewrite A # B.
Example 4 LetC={-1,3,1} andD={-1,0,1, 2}.

C#D, because2 €D, but2 ¢ C.

il Equivalence of sets

Consider the sets A = {a, b, ¢} and B = {2, 3, 4}. Even though these two sets are not
equal, they have the same number of elements. So, for each member of set B we can
find apartner in set A.

A ={ab,c}

114

B={2 34}

The double arrow shows how each element of a set is matched with an e ement of
another set. This matching could be done in different ways, for example:

A ={a b, c}

B={2 3,4}
No matter which way we match the sets, each element of A is matched with exactly one

element of B and each element of B is matched with exactly one element of A. We say
that there is a one-to—one correspondence between A and B.
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4 N\
Definition 3.7

Two sets A and B are said to be equivalent, written as A ~ B (or A[B), if
there is a one-to-one correspondence between them.

Observe that two finite sets A and B are equivalent, if and only if
n (A)=n (B)

S
Example5 LetA={+/2,e 7} andB={1,2, 3}.
Sincen(A) =n(B), A and B are equivalent sets and we write
A o B.

Note that equal sets are always equivaent since each element can be matched with
itself, but equivalent sets are not necessarily equal. For example,

(1,2} - {ab}but{1 2} #{a b}.

Which of the following pairs represent equal sets and which of them represent
equivalent sets?

1 {a b} and{2, 4}

{Fad 1

{xNIx*k 5} and {2, 3, 4, 5}
{1,{2,4}} and {1, 2, 4}
{xIX% x} and {x CNIxX¥* 1}

S OPERATIONS ON SETS

There are operations on sets as there are operations on numbers. Like the operations of
addition and multiplication on numbers, intersection and union are operations on Sets.

| Union, Intersection and Difference of Sets

A Union\of sets

aa b~ W DN

P
Definition 3.8

The union of two sets A and B, denoted by AUB and read "A union B" is
the set of all elements that are members of set A or set B or both of the
sets. That is, AUB = {x|x [Abr x (B}

- J
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The red shaded region of the diagram in the figure on the right represents A U B.

An element common to both sets is listed only once in
the union. For example, if A ={a, b, c,d, e and

B={c,d,ef g}, then
AUB={a b,c,d ef, g}.
Example 1
a {abyU{cde ={ab,cde}
b {1,234,5 U [={1234,5}
Properties of the union of sets

Figure 3.7

ACTIVITY 3.10
LetA={1,2 3 4},B={24,6 8 andC={3,4,5,6}.
1 Finda AUB b BUA

What is the relationship between AUB and BUA?

2 Finda AUB b (AUB)JUC ¢ BUC d AU(BUC)
What is the relationship between (AUB)UC and AU(BUC)?

3 Find AU C_What isthe relationship between AU [Cantl A?

The above Activity leads you to the following properties:
For any setsA, B and C

1 Commutative property AUB =BUA
2 Associative property (AUB)UC =AU(BUC)
3 |dentity property AU L=RA

1 GivenA={1,2{3}},B={2,3} andC={{3}, 4}, find:
a AUB b BUC c AUC
d AU(BUC) e (AUuB)UC
2 State whether each of the following statementsis true or false:
a Ifx[Adndx [B,thenx CAUB). b If x [(AUB) andx L A, thenx [B.]
c If x (A end x [B, thenx [(AUB). d Forany set A, AUA =A.
e ForanysatA,AULC=A. f If A [B]then AUB =B.
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For any twosetsA and B, A [L(AUB) and B L{AUB).
For any threesats A, Band C,if Ac B,andB c C,thenA UB =C.
[ For any threesats A, Band C, if AUB =C, thenB c C.
i IfAUB= CilnA= CakddB=[_1
3 Using copies of the Venn diagrams below, shade AUB.

DROO

a b C d
Figure 3.8

B Intersection of sets _
ACTIVITY 3.11
Consider thetwo stsG={2,4,6,8,10,12} andH={1,2,3,4,5). 1o}

a  Draw aVenn diagram that shows the relationship between = S
the two sets.

b Shade the region common to both sets and find their
common e ements.

Definition 3.9

The intersection of two sets A and B, denoted by ANB and read as "A
intersection B", 1s the set of all elements common to both set A and set B.

That is, ANB = { x| x [A and x [B}.

Using the Venn diagram, AN B is represented by the blue shaded

region: Ua

O

Figure 3.9

Example 2 LetS={a, b, c,d} and T ={f, b, d, g}. Then SNT ={b, d}.
Example 3 LetV ={2,4,6,..} (multiplesof 2) and
W ={3, 6,9,..} (multiples of 3).
ThenV . NW ={6, 12, 18,...}, that is, multiples of 6.
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Example 4 LetA={1,2 3} andB={5,6,7,8},then A N B=[_1

Definition 3.10
Two or more sets are disjoint if they have no common element.
A and B are disjoint, if and only if ANB= 1

In the Venn diagram, the sets A and B are digoint.

A B
Here A NB= [ Q Q

Properties of the intersection of sets

ACTIVITY 3.12
Lee U={0,1,23,45,6,7,8, 9} betheuniversal set and let
A={0,2357, B={0,24,6,8} and
C = {x[Xlsafactor of 6}

Figure 3.10

1 Fnd a ANC b CNA
What is the relationship between ANC and CNA?
2 Fnd a ANB b (ANB)NC c BNC d ANBNC)

What is the relationship between (ANB) NC and AN(BNC)?
3  Find ANU. What is the relationship between ANU and A?
The above Activity leads you to the following properties:
For any sets A, B and C and the universal set U
1 Commutative Property: ANB =BNA.
2 Associative Property: (ANB)NC =AN(BNC).
3 Identity Property: ANU=A.

_Exercise3.7 |

1 GivenA:{a,b,{c}},B:{b,c}andC:{{c},d},find:
a ANB b ANC c BNC d ANBNC)
2 State whether each of the following statementsistrue or false:
a If x[Alnd x [B, then x[(ANB). b If Xx [(AINB), then x CA"hnd x [B.]
c If x (A’hnd x [B, then x [(ANB). d For any set A, ANA =A.
e If A CBJthen ANB =A.
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—

For any two sets A and B, ANB [CAland ANB LBl
IfANB= L thenA=LoBB=[_1
If (AUB) € A, then BSA.
i If AcB, then ANB =B.
j If AcB, then ANB = 1
k If ACB, then B'CA'".
3 In each Venn diagram below, shade (ANB)NC.

A
@ @ | |
a b C
A B A
@ ‘ :AiZEB
d e f

Figure 3.11

= (o)

C Difference and symmetric difference of sets

I The relative complement (or difference) of two sets

Given two sets A and B, the complement of B relativeto A (or the difference between A
and B) is defined as follows. '

( . \
Definition 3.11

The relative complement of a set B with respect to a set A (or the
difference between A and B), denoted by A — B, read as "A difference B",
1s the set of all elements in A that are not in B.

That 1s, A— B={x|x[A and x [ B}.

& J

M A —B issometimes denoted by A\B. (read as“A less B”)
A —B and A\B are used interchangeably.
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Using a Venn diagram, A\B can be represented by U
shading the region in A which is not part of B. 2 B
A\Bisshaded in :
Figure.3.12

Example 5 IfA={xy,zw}andB ={ a, b, x, y}, then find:
a  thecomplement of B relativeto A b B\A c B\B
Solution:

a Note that finding "the complement of B relativeto A" is the same as finding
"the relative complement of B with respect to A". That is A\B.

So, A\B ={z w}.
b BW={a,b}.
c BB= [1

ACTIVITY 3.13
LetA={0,2 3,57}, B={0,2 4,68 adC={1, 23,6} Find:
a AB b BA ¢  (AB\C d A\(B\C)

From the results of the above Activity, we can conclude that the rel ative complement of
sets is neither commutative nor associative.

i The complement of a set
Let U ={al human beings} and F = {all females}

The Venn diagram of these two sets is as shown. The
yellow shaded region (in U but outside F) is caled the
complement of F, denoted by F'. :

Figure 3.13
It represents all human, beings who are not female. The members of F' are al those
members of U that are not membersof F.

f ™
Definition 3.12

Let A be a subset of a universal set U. The complement (or absolute
complement) of A, denoted by A', is defined to be the set of all elements
of U that are not in A.

e, A'={x|x[U and x [A}.

N Y,
Using a Venn diagram, we can represent A' by the shaded region | U
asshown in Figure 3.14. @
Note that for any set A and universal set U,
A"=U\A Figure 3.14

124



Unit 3 Further on Sets

Example 6 In copies of the Venn diagram on the right,

U
shade
a A\B b (ANB)'
c ANB' d A'UB'

Solution: Figure'3.15

a Since A\B is the set of all eements in A that

. o “lu |
are not in B, we shade the region in A that is A
not part of B (shaded in green in Figure 3.16).
A —B is shaded

Figujre 3..16
b First we shade the region ANB; then (ANB)"isthe region outside ANB.

U

s Iy
. ' i
I \

Figure 3.17
ANB isthe shaded (blue) region. (ANB)"isthe green shaded region.

c First we shade A with strokes that slant upward to the right (////) and shade
B’ with strokes that slant downward to the right (\\\\).

Then ANB' isthe cross-hatched region,

D

L S i
; Figure 3.18

A and.B' are shaded ANB'isshaded

Note that theregion of A\B isthe same as the region of ANB'.

d Hirst weshade A', the region outside A, with strokes that slant upward to the
right (///) and then shade B' with strokes that dant downward to theright (\\\\).

125



Mathematics Grade 9

Then A'UB' isthe total shaded region.

T
et

&
S

T
presatetetelets

T
ettt

L
L
%

Figure 3.19 &
A'or B' are shaded A'UB' isshaded
Note that the region of (ANB)' isthe same as the region A'UB". '

NI When we draw two overlapping circles within a universal set, four regions are
formed. Every element of the universal set U isin exactly one of the following
regions.

I in A and notin B (A\B)
Il inB and notin A (B\A)
[l inboth A and B (A NB) v
IV inneither A nor B ((AUB))

u A B

Figure 3.20
From Activity 3.13 and the above examples, you generalize asfollows:

For any two sets A and B, the following properties hold true:

1 AB=ANB 2 (ANB)=A'UB 3 (A\B)UB=AUB
ACTIVITY 3.14
1 In copies of the same Venn diagram used in Example 6, shade
a (AuB) b ANB

2  Generdize theresult you got from Question 1.

HI1STORICAL NOTE:

Augustus De Morgan (1806-1871)

Augustus De Morgan was the first professor of mathematics at
University College London and a cofounder of the London
Mathematical Society.

De Morgan formulated his laws during his study of symbolic
logic. De Morgan’s laws have applications in the areas of set
theory, mathematical logic and the design of electrical circuits.
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Copy Figure 3.21 and shade the region that represents each
of the following

a (AUB) v

b A'UB'

c (ANB)

d ANP Figure 3.21

2 Discuss what you have observed from Question 1

The above Group Work leads you to thefollowing law called De Morgan’s law.

Theorem 3.1 De Morgan's law

For any two sets A and B
1 (ANB)=A'UB 2 (AUB)'=A'NB

| Exercise 3.8 |

1 GivenA ={a,b,c} and B ={Db, ¢, d, €} find:
a  therelative complement of A with respect to B.

b thecomplement of B relativeto A.
c  thecomplement of A relativeto B.
2 In each of the Venn diagrams given below, shade A\ B.

(D)) @ OO

a b Cc d
Figure 3.22

3 Determine whether each of the following statementsistrue or false:
a If x CA"Bnd x [B1then x [(B)\A)
b If x C({A\B) then x (A1
c B\A [BJfor any two setsA and B
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d (A\B) N (ANB) N (B\A) = [,_ibr any two sets A and B
e If AAB= [ithéenA=CadB= "1
If A CBlthen A\B= [1
g If ANB= [then(A\B)=A
h (A\B) UB = AUB, for any two sets A and B
i ANA'= 1
4 LetU={123,...,8 9} betheuniversal setand A ={1,2,3,4},B={2,4,6, 8}
and C ={ 3,4, 5, 6}. List the elements of each of the following:

—h

a A b B c  (AUC)Y d (AB)
e ANB f (AUB)Y g (AY h B\C i BNC
i The symmetric difference between two sets/
ACTIVITY 3.15
LetA={ab,d and B={b,d,e}. Then find:
a ANB b AUB c A\B
d BA e (AUB)\(ANB) f  (A\B)U (B\A)

Compare theresults of e and f.
What can you conclude from your answers?
The result of the above Activity leads you to state the following definition.

/Definition 3.13 h

Let A and B be any two sets. The symmetric difference between A and
B, denoted by AAB, is the set of all elements in AUB that are not in
ANB. That is AAB = {x | x [((AUB) and x C{ANB)}

or AAB=AUB)\(ANB).

(& J

Using a Venn diagram, AAB is illustrated by shading the
region in AUB that is not part of ANB as shown.

AAB isthe shaded dark brown region.
From Activity 3.15 and the above Venn diagram, you observe that Figure 3.23
ALB = (AUB)\ (ANB) = (A\B) U (B\A).
M= fANB= thenAAB=A UB.
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Example 7 LetA={-1,0,1} and B={1, 2}. Find AAB.
Solution:  AUB={-1,0,1,2}; ANB={1}
[LAAB = (AUB)\(ANB) ={-1, 0, 2}
Example 8 LetA={a,b,c} andB ={d, €. Find AAB.
Solution:  AUB={aDb,cde;ANB = 1
[CAAB =(AUB)\ C=RAUB={a b, c,d, e

Distributivity

Given sets A, B and C, shade the region that represents
each of the following U
a AUBNC

b (AUB) N (AUC) ‘

c AN (BUC) "

d (ANnB)U (AN C) ‘
2 Discuss what you have observed v

from Question 1.

Figure 3.24
As you may have noticed from the above Group Work, the following distributive

properties are true:

Distributive properties

For any setsA, B and C

1 Union is distributive over the intersection of sets.
i.e, AU (BNC)=(AUB) N (AUC).

2 Intersection is distributive over the union of sets.
i.e, ANBUC)=(ANB) U (ANC).

If ANB={1,0,-1} and ANC={0, -1, 2, 3}, then find AN(BUC).

2 Simplify each of the following by using Venn diagram or any other property.
a AN(AUB) b PN(PUQ)
c AN(A'UB) d PUPNQ)
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Cartesian Product of Sets

In this subsection, you will learn how to form a new set of ordered pairs from two given
sets by taking the Cartesian product of the sets (named after the mathematician Rene
Descartes).

A six-sided die (a cube) has its faces marked with numbers
1,2,3,4,5 and 6 respectively.

Two such dice are thrown and the numbers on the resulting

upper faces are recorded. For example, (6, 1) means that the

number on the upper face of the first die is 6 and that of the -
second dieis 1. We call these ordered pairs, the outcomesof #

/
the throw of our dice. e -: ¥ A
List the set of all possible outcomes of throws of our two dice  ~ - 4 p N
such that the two numbers: My \
[ A: are both even. - -
i B: are both odd.
i C:areequal.

iv D: haveasumequa to 8.

v E: have asum equal to 14.

vi  F: have an even sum.

vii  G: havethefirst number 1 and the second number odd.
viii  H: haveasum lessthan 12.

For example, A={(2, 2), (2, 4), (2, 6), (4, 2), (4, 4), (4, 6), (6, 2), (6, 4), (6, 6)}.

The activity of this Group. Work leads you to learn about the sets whose elements are
ordered pairs.

Ordered pair

An ordered pair.is an element (x, y) formed by taking x from one set and y from another
set. In (X, y), we say that x isthefirst element and y isthe second element.

Such apair isordered in the sense that (X, y) and (y, X) are not equal unless x =y.
Equality of ordered pairs

(@, b)=(c,d),ifandonlyifa=candb=d.

Earlier also we have discussed ordered pairs when we represented points in the
Cartesian coordinate plane. A point P in the plane corresponds to an ordered pair (a, b)
where a is the x-coordinate and b is the y-coordinate of the point P.
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Example 1 A weather bureau recorded hourly temperatures as shown in the
following table.

Izl 9 10 11 121 |2 |3

61 62 65 69 68 72 76
This data enables us to make seven sentences of the form:

At x o'clock the temperature was y degrees.
That is, using the ordered pair (X, y),the ordered pair (9, 61) means.
At 9 o'clock the temperature was 61 degrees.

So the set of ordered pairs {(9, 61), (10, 62), (11, 65), (12, 69), (1, 68), (2, 72),
(3, 76)} are another form of the data in the table, where the first element of each
pair istime and the second element is the temperature recorded at that time.

e N
Definition 3.14

Given two non-empty sets A and B, the set of all ordered pairs (a, b)
where a [Ahnd b [Bls called the Cartesian product of A and B, denoted
by A x B (read "A cross B").

ie., AxB={(a,b)|a [Ahndb[Bl
& J

Note that the sets A and B in the definition can be the same or different.
Example2 If A={1,2 3} andB={ 4,5}, then
Ax B={(1,4),(15),(24),(2,5), 3 4), (3 5)}
Example 3 LetA ={a, b},thenformA x A.
Solution: A xA={(a, a), (a, b), (b, @), (b, b)}.
Example 4 LetA={-+1,0} andB={-1,0, 1}.
Find A x B and.illustrate it by-means of adiagram.
Solution: A xB={(-1,-1), (-1,0), (-1, 1), (0, -1), (0, 0), (0, 1)}

The diagram is as shown in Figure 3.25. A B
~1 -1
0
0 1
Figure 3.25

B2 n(AxB)=n(A)xn(B).
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ACTIVITY 3.16 i :
1  LetA={2,3} andB={0, 1, 2}.Find:
a AxB b BxA C  n(Axp)————
2 Let A={a b} B={c,d, e andC={f, e c}. Find:
a Ax(BNC) b Ax (BUC)

c (AxB)N(AxC) d (AxB)UMAxC)
From the result of the Activity, you conclude that:
For any setsA, B and C

[ Ax B # Bx A, for A#B Cartesian product of setsis not commutative.

i N(AxB)=n(A)xn(B)=n(BxA). whereA and B arefinite sets.

i Ax(BNC)=(AxB)N (Ax C). Cartesian product is distributive over
inter section.

iv. Ax(BUC)=(AxB)U(AxC). Cartesian productisdistributive over union.

Exercise 3.10 |

1 GivenA={2} B={1,5 C ={-1,1} find:

a AxB b BxA c Bx C d Ax(BNC)
e (AUC)xB f (Ax B)U(Ax C) g Bx B

2 IfBx C={(1,1),(12),(1,3),(412), 42,4 73)},find:
a B b C c CxB

3 If n(A xB)=18and n (A) =3 thenfind n (B).

4  LetU={01,23,4,5,6,7, 8,9} betheuniversal setand A ={0, 2, 4, 6, 8, 9},
B={1,36,8 andC={0, 2, 3, 4, 5}. Find:
a AxC(C b  Bx A c B x (A\C)

5 If (2x+3,7)=(7,3y+ 1), findthevaluesof xandy.

| Problems Involving Sets

In this subsection, you will learn how to solve problemsthat | U A B
involve sets, in particular the numbers of elementsin sets.

The number of elements that are either in set A or set B,

denoted by n (AUB), may not necessarily be n (A) + n (B) as

we can seeinthe Figure 3.26. w
Figure 3.26
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In this figure, suppose the number of elements in the closed regions of the Venn
diagram are denoted by x, y, zand w.

n(A)=x+yandn(B)=y+z
So,n(A)+n(B)=x+y+y+z
n(AUB)=x+y+z=n(A)+n(B) -y
i.e, n(AUB)=n(A) +n(B)—n (ANB).
Number of elements in (AUB)
For any finite sets A and B, the number of elementsthat arein AUB is
n(AUB)=n(A)+n(B)—n(ANB).
N f ANB = Hen n (AUB) =n (A) + n (B).
Example 1 Explainwhy n (A —B) =n (A)—-n(ANB).
Solution: From Figure 3.26 above, n (A) =x+Yy, n (ANB) =y
n(A)—-n(ANB) =(x+y)-y=X,
X isthe number of elementsin A that are not in B. So, n (A —B) = Xx.
[ngA -B)=x=n(A)-n(ANB).
For any finite sets A and B,
n (A\B) = n (A) - n (ANB)

Example 2 Among 1500 students in a school, 13 students failed in English, 12
students failed in mathematics and 7 students failed in both English and
Mathematics.

i How many students failed in either English or in Mathematics?
i How many students passed both in English and in Mathematics?

Solution: " "Let E be the set of students who failed in English, M be the set of students
who failed in mathematics and U bethe set of al studentsin the schooal.

Then;, n(E) =13, n(M) =12, n (ENM) =7 and n (U) = 1500.

[ n(EUM)=n(E)+n(M)—-n(ENM) =13+ 12-7=18.

i The set of al students who passed in both subjectsis U\(EUM).
n (U(EUM)) =n (U) —n (EUM)= 1500 — 18 = 1482.
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Exercise 3.11 |

1 ForA={23,...6t andB={6,7,...10} show that:
a n(AUB)=n(A)+n(B)—n(ANB) b n(AxB)=n(A)xn(B)
c n(AxA)=n(A)xn(A)
2 If n(C N D)=8andn (C\D) =6 then find n (C).
3 Using a Venn diagram, or aformula, answer each of the following:
a Givenn(Q\WP)=4,n(P\Q)=5andn (P)=7find n(Q).
b Ifn(R'NS)+n(RNS) =3, n(RNS) =4andn (SNR) =7, find n (V).

4 Indicate whether the statements below are true or false for all finite sets A and B.
If astatement is false give a counter example.

a nAUB)=n(A)+n(B) b n(ANB)=n(A)—n(B)
c Ifn(A)=n(B)thenA=B d If A =B thenn(A) =n(B)
e n(AxB)=n(A)[h(B) f n(A)+n(B)=n(AUB)-n(ANB)
g n(A'UB)=n((AUB)) h  n(ANB) =n(AUB)-n(ANB’) — n(A'NB)
[ n(A) + n(A") =n(U)
5 Suppose A and B are sets such that n(A) = 10, n(B) = 23 and n(ANB) =4, then

find:
a n(AUB) b n(A\B) c n(AAB) d n(B\A)

6  If A={x|xisanon-negativeinteger and x> = x}, then how many proper subsets
does A have?

7 Of 100 students, 65 are members of a mathematics club and 40 are members of a
physics club. If 10 are members of neither club, then how many students are

members of :
a both clubs? b only the mathematics club?
c only the physics club?
Y EERY U A B
8  Thefollowing Venn diagram shows two sets A
and B. If n(A) =13, n(B) = 8, then find:
a n(AUB) b n(U)
c  n(BA) d n(ANB) X~y

Figure 3.27
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complement infinite set set

disjoint sets intersection of sets subset

element power set symmetric difference between sets
empty set proper subset union of sets

finite set relative complement universal set

[N simmery

1

10

A set isawell-defined collection of objects. The objects of aset are called its
elements (or members).

Sets are described in the following ways:
a  Verba method
b Listing method

i Partial listing method I Complete listing method
c Set-builder method

The universal set isaset that contains all el ements under consideration in a
discussion.

The complement of aset A isthe set of all elements that are found in the universal
set but not in A.

A set Siscaled finite if and only if it isthe empty set or has exactly n elements,
where nisanatural number. Otherwise, it iscalled infinite.

A set A isasubset of B if and only if each element of A isin set B.

[ P (A), the power set of aset A, isthe set of all subsets of A.

i 1f n(A) = n, then the number of subsets of A is2".

Two sets A and B are said to be equal if and only if A [Bland B L A.

Two sets A and B are said to be equivalent if and only if there is a one-to-one
correspondence between their elements.

i A set Aisaproper subset of set B, denoted by A [ B]if andonly if A [BI
andB I A.
I If n (A) = n, then the number of proper subsetsof A is2"—1.
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11 Operationson sets; for any sets A and B,
[ A U B ={xIxXTAbr x [B}.
ii A N B = {xIXTABnd x [B}l.
i A=B (or A\B) = {x XA hnd x [B}.
iv  AAB = {x[XI{AUB) and x C{ANB)}.
v AxB={(a b)[alAhnd b [B].

12 Properties of union, intersection, symmetric difference and Cartesian product:

For all sets A, B and C:
[ Commuitative properties

a AUB=BUA Db ANB=BNA c AAB = BAA

i Associative properties

a AUBUC=(AUB)UC c AABAC)=(AAB)AC

b ANBNC=(ANB)NC
il Identity properties

a AUL=RA b ANU=A (U is a universal set)

iv  Distributive properties

a AUBNC)=(AUB)N(AUC)

b ANBUC=(ANB)UANC)

c AxBUC=AxB)UAxC)

d AxBNC)=(AxB)N(AxC)
v De Morgan's Law

a (AUB)=A"NB b (ANB)=A"UB'
vi  Foranyset A

a AUA'=U b (A)=A

c ANA=LCL1 d Ax[=1C1

Review Exercises on Unit 3

1 Which of thefollowing are sets?
a  Thecollection of al tall studentsin your class.

The collection of all natura numbers divisible by 3.

The collection of al studentsin your school.

The collection of al intelligent studentsin Ethiopia.

The collection of all subsets of theset {1, 2, 3, 4, 5}.
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Rewrite the following statements, using the correct notation:

a B isaset whose elements are x, y, zand w.

b 3isnot an element of set B.

¢  Distheset of al rational numbers between /2 and 5.

d H isthe set of all positive multiples of 3.

Which of the following pairs of sets are equivalent?

a {1,23,4,5 and{m,n, o, p, g}

b  {x[Xlsaletter in the word mathematics}and {y [(NTT X y< 11}
C {a,b,c,d, ef, ... mand{1,2345,...13}

Which of the following represent equal sets?

A ={a, b, c, d} B={xY,z w}
C = {x[Xls one of thefirst four letters in the English a phabet}
D=L[_1 E={0} F={xx¥x} G={x[ZI=1<x<1}

IfU={ab,cdefgh}, A={bdf h} andB={a b, e f, g, h},findthe
following:

a A" b B ¢ ANB d (ANB)y e ANB

In the Venn diagram given below, write the region labelled by I, 11, Il and 1V in
terms of A and B.

u A B

Figure 3.28

For each of Questions a, b and ¢, copy the following A

Venn diagram and shade the regions that represent: "‘

a ANBNC). b A\(BNC).

c AU(BYOC). v

LetU={0,1,234,56,7,89,A={12 3,45},
B={0,2,1,6,8 and C={3,6,9}. Thenfind:

a A b B\A C ANcC

d Cx(ANB) e (B\A)xC

Figure 3.29
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9 Suppose B is a proper subset of C,
a If n (C) =8, what is the maximum number of elementsin B?
b What istheleast possible number of elementsin B?
10 Ifn(U)=16,n(A)=7andn(B) =12, find:
a n(A) b n (B’
c greatest n (ANB) d least n (AUB)

11 Inaclassof 31 students, 22 students study physics, 20 students study chemistry
and 5 students study neither. Calculate the number of students who study both
subjects.

12  Suppose A and B are sets such that AUB has 20 elements, ANB has 7 elements,
and the number of elementsin B istwice that of A. What is the number of
gementsin:

a A? b B?
13 State whether each of the followingis finite or infinite:
a  {x[xidsan integer lessthan 5}
b  {x[xdsarationa number between 0 and 1}
C {x [Xs the number of points on a 1 cm-long line segment}
d The set of treesfound in Addis Ababa
e  Theset of “teff” in 1,000 quintals.
f The set of studentsin this classwho are 10 years old.

14 How many lettersin the English alphabet precede the letter v? (Think of a shortcut
method).

15 Of 100 staff members of a school, 48 drink coffee, 25 drink both tea and coffee
and everyone drinks either coffee or tea. How many staff members drink tea?

16 Giventhat set A has 15 elements and set B has 12 € ements, determine each of the
following:

a  Themaximum possible number of elementsin AUB.
b Theminimum possible number of elementsin AUB.
c The maximum possible number of elementsin ANB.
d The minimum possible number of elementsin ANB.
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